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Abstract

Automating scientific discovery has been a grand goal of Ar-
tificial Intelligence (AI) and will bring tremendous societal
impact if it succeeds. Despite exciting progress, most en-
deavor in learning scientific equations from experiment data
focuses on the horizontal discovery paths, i.e., they directly
search for the best equation in the full hypothesis space. Hor-
izontal paths are challenging because of the associated ex-
ponentially large search space. Our work explores an alter-
native vertical path, which builds scientific equations in an
incremental way, starting from one that models data in con-
trol variable experiments in which most variables are held
as constants. It then extends expressions learned in previous
generations via adding new independent variables, using new
control variable experiments in which these variables are al-
lowed to vary. This vertical path was motivated by human
scientific discovery processes. Experimentally, we demon-
strate that such vertical discovery paths expedite symbolic re-
gression. It also improves learning physics models describing
nano-structure evolution in computational materials science.

Introduction
Automating scientific discovery has been a grand goal of
Artificial Intelligence (AI) dating back to its founders (Lan-
gley et al. 1987; Kulkarni and Simon 1988; Wang et al.
2022) but remains a holy grail. The underlying societal im-
pact is immense because of its multiplier effect. Indeed,
much effort has been made, especially in symbolic equa-
tion regression, including search-based methods (Langley
1981; Lenat 1977), genetic programming (Schmidt and Lip-
son 2009; Virgolin, Alderliesten, and Bosman 2019; Razavi
and Gamazon 2022; He et al. 2022), reinforcement learn-
ing (Petersen et al. 2021; Scavuzzo et al. 2022; Mundhenk
et al. 2021; Petersen et al. 2021), deep function approxima-
tion (McConaghy 2011; Chen, Luo, and Jiang 2017; Raissi,
Yazdani, and Karniadakis 2020; Raissi, Perdikaris, and Kar-
niadakis 2019; Liu and Tegmark 2021; Xue et al. 2021a;
Chen et al. 2018; Jumper et al. 2021; Brunton, Proctor, and
Kutz 2016), integrated systems (Valdés-Pérez 1994; King
et al. 2004, 2009; Lintott et al. 2008), or simply yet effec-
tively, collecting big datasets (Lintott et al. 2008; Kelling
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Figure 1: Vertical paths further scale up AI-driven scientific
discovery.

et al. 2012). Most endeavor focuses on horizontal discov-
ery paths, i.e., they directly search for the best equation in
the full hypothesis space involving all independent variables
(red path in Figure 1). The horizontal search can be challeng-
ing because of the exponentially large space. After the con-
ventional wisdom of training with larger models and more
data has been stretched to its extremity (e.g., GPT-4), what
is the next paradigm-changing idea?

Interestingly, the vertical paths have been largely over-
looked in AI. To discover the ideal gas law pV = nRT ,
scientists first held n (gas amount) and T (temperature) as
constants and find p (pressure) is inversely proportional to
V (volume). They then studied the relationship between pV
and n, T . This led to a vertical discovery path (green path in
Figure 1). The first few steps of a vertical path can be signifi-
cantly cheaper than the horizontal path, because the searches
are in reduced spaces involving a small number of indepen-
dent variables. As a result, vertical discovery has the poten-
tial to supercharge state-of-the-art approaches in modeling
complex scientific phenomena with more interlocking con-
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Figure 2: Motivating example to demonstrate vertical scientific discovery. (a) A challenging symbolic regression task. It is
difficult to read out the equation y = f(x1, x2, x3) which connects the dependent variable y with the independent variables
x1, x2, x3. (b) When we focus on studying the relationship of x1, x3 and y while holding x2 at 1, a simple equation y = x1+x3

can be discovered. (c) y = −x1 + x3 can be discovered when we hold x2 at −1. (d) Combining (b) and (c), a good candidate
equation is y = x1x2 + x3, which turns out to be the ground-truth equation.

tributing factors or processes than what current approaches
can handle.

This paper demonstrates the power of vertical scientific
discovery, in which automated reasoning (e.g., mathematical
programming, constraint satisfaction, reinforcement learn-
ing, etc) acts as robot scientists to guide the learning process
(i.e., pointing out the directions of the green path in Fig-
ure 1).

Our first example is in symbolic regression, where the
task is to discover symbolic expressions describing exper-
iment data. State-of-the-art approaches in this domain are
limited to learning simple expressions. Regressing expres-
sions involving many independent variables still remain out
of reach. Motivated by the control variable experiments
widely utilized in science, in a recently published paper
(Jiang and Xue 2023) we propose Control Variable Genetic
Programming (CVGP) for symbolic regression over many
independent variables. CVGP expedites symbolic expres-
sion discovery via customized experiment design, rather
than learning from a fixed dataset collected a priori. CVGP
starts by fitting simple expressions involving a small set
of independent variables using genetic programming, un-
der controlled experiments where other variables are held
as constants. It then extends expressions learned in previous
generations by adding new independent variables, using new
control variable experiments in which these variables are al-
lowed to vary. Experimentally, CVGP outperforms several
baselines in learning symbolic expressions involving multi-
ple independent variables.

Our second example is in materials science. Our approach
was motivated by tracking and learning the phase-field mod-
els describing nano-scale crystalline defect evolution in ma-
terials. In a preliminary study, we showed vertical discov-
ery schedules improve the learning of phase-field models

for dendritic solidification. In the vertical schedule, first, the
learning is concentrated on a subset of model parameters.
This is done by feeding the model with designed training
data, in which remaining parameters do not affect the spatial
and temporal dynamics. After this phase, the learning is ex-
panded to all parameters. We demonstrate that the machine
learning model is able to discover the ground-truth phase-
field model following this vertical schedule, but cannot when
following the normal schedule.

A Motivating Example
Discovering scientific laws automatically from experiment
data has been a grand goal of Artificial Intelligence (AI). Its
success will greatly accelerate the pace of scientific discov-
ery. Recently, exciting progress (Schmidt and Lipson 2009;
Virgolin, Alderliesten, and Bosman 2019; Guimerà et al.
2020; Petersen et al. 2021; Mundhenk et al. 2021; Petersen
et al. 2021; Razavi and Gamazon 2022; He et al. 2022)
has been made in this domain, especially taking advantages
of the progress in deep neural networks. Consistent strides
for higher throughput (less time and data required to iden-
tify an equation) and better quality (equations better fit the
data) have been the main drivers in this domain. We notice
that almost all prior work follows the horizontal discovery
path, which is also the standard machine learning pipeline –
first collecting a dataset, then learning the full model, finally
evaluating its performance on a separate, yet still fixed test
set. Nevertheless, the vertical discovery path, which is heav-
ily utilized by human scientists, is almost forgotten in AI-
driven scientific discovery. When studying a complex pro-
cess involving many interacting subprocesses, scientists al-
ways try to isolate each individual process and study their
effects separately, via carefully designed control variable ex-
periments. They also use this tool to challenge competing
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Figure 3: Running example of CVGP. (a) Initially, a reduced-form equation ϕ′ = C1x1−C2 is found via fitting control variable
data in which x2, x3, x4 are held as constants and only x1 is allowed to vary. (b) This equation is expanded to C3x1 −C4x2 in
the second stage via fitting the data in which only x3, x4 are held as constants. (c,d) This process continues until the ground-
truth equation ϕ = x1x3 − x2x4 is found. The data generated for control variable experiment trials in each stage are shown at
the bottom.

models.
Vertical paths increase the throughput of scientific dis-

covery. Let us verify this assertion from a small human ex-
periment. Figure 2 (a) depicts a symbolic regression task
where one needs to find a symbolic expression y = f(x)
which best maps the input x to the output y. The author ran
this experiment in front of hundreds of undergraduate, grad-
uate students, and a few faculty members. Nobody was able
to discover the correct equation given the data in (a). How-
ever, when the author controlled the value of x2 in (b) and
(c), a majority of the audience were able to identify the equa-
tions in both cases. A little bit of additional thinking com-
bining these two equations yields the ground-truth equation
in (d). Clearly, control variable experiments in (b) and (c)
helped the audience navigate the regression task. This con-
trolled experiment depicts the essence of vertical scientific
discovery.

Symbolic Regression via Control Variable
Genetic Programming

Our recently proposed Control Variable Genetic Program-
ming (CVGP) implements the reasoning algorithm into the
scientific discovery process based on Genetic Program-
ming, for symbolic regression over many independent vari-
ables (Jiang and Xue 2023). The key insight of CVGP is to
learn from a customized set of control variable experiments;
in other words, the experiment data collection adapts to the
learning process. This is in contrast to the current learning
paradigm of most symbolic regression approaches, where
they learn from a fixed dataset collected a priori.

In CVGP, first, we hold all independent variables except
for one as constants and learn an expression that maps the
single variable to the dependent variable using GP. GP main-
tains a pool of candidate expressions and improves the fit-

ness of these equations via mating, mutating, and selection
over several generations. Mapping the dependence of one
independent variable is easy. Hence GP can usually recover
the ground-truth reduced-form equation. Then, CVGP frees
one independent variable at a time. In each iteration, GP
is used to modify the equations learned in previous gener-
ations to incorporate the new independent variable, via mat-
ing, mutating, and selection. Such a procedure repeats un-
til all the independent variables have been incorporated into
the symbolic expression. See figure 3 for the high-level idea
of algorithm execution. Theoretically, in the original paper,
we show that CVGP as an incremental builder can reduce
the exponential-sized search space for candidate expressions
into a polynomial one when fitting a class of symbolic ex-
pressions. Experimentally, we show that CVGP outperforms
a number of state-of-the-art approaches on symbolic regres-
sion over multiple independent variables.

Vertical Scientific Discovery in Modeling
Nano-structure Evolution in Materials Science
We intend to apply the idea of vertical scientific discovery in
learning nano-scale defect evolution for material under ex-
treme conditions. Nano-scale crystalline defects can appear
in different forms in these materials. Extreme environments
of heat and irradiation can cause these defects to evolve
in size and position. As shown in the left panel of the fig-
ure above, void shaped defects are captured by transmission
electron microscope (TEM) cameras during in-situ radiation
experiments. These defects appear in round shapes, and drift
in position as demonstrated by the change of angles to re-
spectively, as time progresses. They also change size. These
changes can affect the physical and mechanical properties
of the material. For this reason, characterizing these defects
is essential in designing new materials that can resist ad-
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Figure 4: Vertical scientific discovery pipeline can improve learning of physics models behind nano-structure evolution. Left:
The Intermediate Voltage Electron Microscopy (IVEM) – Tandem Facility at the Argonne National Laboratory which provides
in-situ TEM data. Source: anl.gov. (top) and sample images captured during in-situ radiation experiments (bottom). Right:
Learned physics models from vertical scientific discovery pipeline can yield more accurate simulation output close to ground
truth compared to the baseline approach.

verse environments. Collaborating with materials scientists,
we have been analyzing terabytes of in-situ TEM videos of
this type and have already made scientific discoveries (Sima
and Xue 2021; Xue et al. 2021b; Nasim et al. 2022, 2023).

As a preliminary study, vertical discovery schedules are
used to improve the learning of phase-field models for den-
dritic solidification. In the vertical schedule, first the learn-
ing is concentrated on a subset of model parameters. This
is done by feeding the model with designed training data in
which the remaining parameters do not affect the dynamics
of the PDEs. After this phase, the learning is expanded to all
parameters. The right panel of the figure above demonstrate
that learning via the vertical schedule is able to identify the
correct phase-field model while normal schedules cannot.
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